NOTE ON A PARTITION MODEL OF PRIME DISTRIBUTION
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ABSTRACT. In recent work by Botkin, Dawsey, Hemmer, Just and Schneider, a deter-
ministic model of prime number distribution is developed based on properties of integer
partitions. In this quick note, we check potential improvements to the model and report
on their efficacy.

1. INTRODUCTION

The prime numbers 2,3,5,7,11,13,17,19, 23,29, ..., can be thought of as the multi-
plicative building blocks of the integers: every whole number can be decomposed into a
product of primes in a unique way (see [8, 9]).

In the late 1890s, the prime number theorem was proved independently by Hadamard
and de la Vallée Poussin [9]; this important result says the number 7(n) of prime numbers
up to integer n > 2 respects

n
m(n) ~ Ly, 87—
where f(z) ~ g(z) means lim, ,~, f(z)/g(x) =1 and Inx, = > 1, is the natural logarithm.

Integer partitions are a fundamentally different kind of decomposition of whole numbers
from prime factorizations, into a sum of positive integers rather than a product (see [1, 2]).
For instance, 1 + 141, 2+ 1 and 3 itself are all of the partitions of the number three.

In recent work [3], Botkin, Dawsey, Hemmer, Just and the second author of this note
formulate a model of prime numbers based on elementary properties of partitions: facts
about partition-theoretic functions imply constraints on the distribution of primes.

Let p, denote the nth prime number, e.g. p; = 2, ps = 3, p3 = 5, ..., etc. Let d(n)
denote the divisor function, the number of positive divisors of integer n. For real number
x, let [z] denote the ceiling function. For x > 0, let |z] denote the floor function; how-
ever, following the conventions in [3], we modify the usual floor function definition to let
lz] :==0if z <0.

Partition model of prime numbers formulated in [3]. The nth prime number
P, n > 1, 1s modeled by setting p1 = 2 and for n > 2 by using the formula

(1) pno= 1+ 22 [@W + £(n),

where (k) is an explicit error term that is small by comparison to the main (summation)
term. The case e(n) := 0 for all n > 2 is referred to in [3] as Model 1.
To yield the model variant called Model 2%, set py = 2, ps = 3, and for n > 3 use

(2) “(n) = L(n = 1) (nlngn — 1) ~27)]
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where v = 0.5772... is the Fuler—-Mascheroni constant and Inz is the natural logarithm.

See [3] for details of the derivation of these models.! Models 1 and 2* output the
sequence of modeled prime values 2, 3, 5, 7, 11, 13, 17, 19, 23, 27 (which is not prime),
and do not produce the correct sequence of primes from there; but do produce a sequence
that is approximately equinumerous as n increases. See Table 1.

n m(n) n/lnn | Model 1 | Model 2*
10 4 4.34... 4 4
100 25 21.71... 27 27
1000 168 144.76... 184 171
10,000 1229 | 1085.73... 1352 1233
100,000 | 9592 | 8685.88... | 10,602 9618
1,000,000 | 78,498 | 72,382.41... | 86,739 78,740

TABLE 1. Comparing estimates for m(n), reproduced from [3]

2. TESTING CORRECTIONS TO THE MODEL

The authors of [3] conjecture potential corrections to improve Model 2*.

The present authors use Python to check some corrections to Model 2* that we summa-
rize below. We check one minor correction conjectured in [3] as well as a useful correction
we noticed.

2.1. Improve modeling of bounded prime gaps. It is noted in [3] that Model 2*
does not model twin primes or bounded prime gaps (see [7, 10]) as n increases: eventually
the nonzero correction term €(n) ~ nloglogn exceeds g for any fixed prime gap size
Pn — Pn—1 = g > 1. This is not a serious flaw as Model 2* is focused on modeling 7(n)
accurately rather than modeling the sequence of primes (as Model 1 attempts to do in
[3]). On the other hand, one may find it desirable to output a sequence that looks more
like the primes, if possible.

We made a cursory computational check in this direction. In [3] it is speculated that
small prime gaps might be better modeled by inserting a weight ¢(n) into the correction
term such that 0 < ¢(n) < 1 with ¢(n) being closer to zero when n — 1 has few divisors
and closer to one when n— 1 has many divisors, e.g. ¢(n) = 1—2/d(n—1). This produces
a modified correction term

e'(n) = [¢(n)(n — 1) (Inln(n — 1) —27)].

Test. We check Model 2* with ¢’'(n) above replacing the correction term e(n) in (2).

Result. We find this modification as stated in [3] outputs a sequence that is not strictly
monotonically increasing, due to there being large fluctuations in successive values of '(n).
Based on our computations, using €'(n) does not produce a better approximation to w(n).

IThere is also a Model 2 derived in [3] that we omit here for brevity; Model 2* approximates Model 2.
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2.2. Increase gap sizes by introducing a new parameter. Notice in Table 1 that
the estimates from Models 1 and 2* for 7(n) exceed the actual values. The authors of [3]
interpret this as being because these two models underestimate the sizes of the prime gaps.
We wonder if one can adjust €(n) to make it somewhat larger. This would produce larger
gaps between terms in Model 2* without changing its asymptotic growth as n increases
since Model 2* produces quite good estimates for m(n) already.

To that effect, note that for real constant r it is the case that nlnlnn ~ (n+7)Inln(n+
r) as n — oo. Then one can replace £(n) in Model 2* with a variant £(n;r) such that

(3) e(nyr) = |(n+r—1Inln(n+r—1)—2y(n—1)] ~ &(n)

as n increases, which increases the gaps between terms in sequence of outputs from the
model but with the effect diminishing as n increases.
Test. We check Model 2* with e(n;r), r > 0, replacing the correction term &(n).
Result. First we set » = 1 and note this produces very little effect on estimates for
m(n). However, increasing r > 1 does decrease the estimates so a better fit can be obtained
at small n. We find by experiment that setting r = 6 provides a better fit to w(n) than the
r =0 case that defines Model 2*. See Table 2 as r is increased.

n 7n) | r=0]|r=1|r=6|r=10|r=20
10 4 4 4 4 2 2
100 25 27 27 25 24 20

1000 168 171 170 169 168 166
10,000 1229 | 1233 | 1232 | 1232 | 1232 | 1229
100,000 | 9592 | 9618 | 9618 | 9616 | 9615 | 9614

1,000,000 | 78,498 | 78,740 | 78,740 | 78,740 | 78,738 | 78,736

TABLE 2. Model 2* estimates for m(n) when increasing r in (3)

2.3. Further work. There are other conjectures and potential corrections recorded in [3]
that we did not address in this brief computational study. Because it provides a discrete
model of the prime number theorem as well as reasonably accurate estimates of 7(n) at
small numbers, further study of this partition model of primes seems warranted.
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